10 The Quantum Mechani cs of Angul ar Monent um

10. 1 Ceneral Angul ar Monment unt

The foll ow ng discussion is very involved and uses nmuch of the
vector al grebra and conpl ex nunber al gebra that we have | earned so
far. There is much here and the reader will be excused for being
intimdated by it. However, there is nothing that has not been
explained in detail in previous chapters and as | ong as the reader
has a firm understandi ng of conpl ex nunbers and vectors there will be
no surprises (well, naybe one or two).

In classical physics, the angular nomentum of a particle is
gi ven by the vector cross product, L = rXp, where r is the position
vector of the particle and p is the tangential |inear nonmentum nv
(see chapter 8, the Bloch equations).

The conponents of L are (by the determ nant nethod, chapter 2):

i j Kk
L=r><p= X 'y z =i(ypz_zpy)+j(pr_xpz)+k(xpy_ypx)
Px Py P,

and the magni tude of each conponent:

Lx=ypz_Zpy
Ly=sz_xp2
L,=xp,-yp,

To get the correspondi ng operators we replace the nonentumterm
p, with —ihgaiorzgaoréaﬁ (see chapter 9). i is the root of ninus
one and h is the reduced Planck constant or Dirac constant and is
equal to h/2m. Wy do this? Recall fromthe chapter on waves that
natural frequency units in radians per second and ordi nary freqgquency
units in cycles per second or hertz are related by equation [6-2]:

1 The substance of this discussion owes much to talks with Professor J. A. Weil and to his book, ref. 2.
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In dividing h by 2m we are specifying that our frequency results wll
be in natural frequency units, radi ans per second. The coordi nates

remai n the sane:

[ =—in(y-—-0-—5.0
i : 0 0
=—in(z- L —x-L ]
y="1h(z- ==X [ 10- 1]
[ =—it(x-9 —y.-0

W have switched to J fromL here, as J is the general angul ar

nmonment um synbol .
We can al so define J2 by sunming the squares of each of the

angul ar nonent um conmponent operators:

A A

P=TH 2+ T [10-2]

Do these operators commute? Let's find out

fromthe above definitions [10-1]:
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=—n*[(y

using the product rule fromdifferential calculus (see the appendix):

2 2 2 2
0 yz =y 0z +z- 0 y =y'i+2' 0 y )
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simlarly:

P f =—#2(y. 0 . 0 \(y. O . O
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and:
i 7f_-f f=_—#lyl 5 O
[ 2y yax]
=in J,
(using the definition of fl above)
So:
(T dyl=in],
T2 Jl=in], [10-3]
[J,. T ]=in],

We note the cyclic pernutation in these comrutation
relati onshi ps. Al so, note that the conponents of the angul ar nonment um
do not commute wth each other. This neans that we cannot assign
definite values to any two of these at once as we saw i n our
di cussion of the uncertainty principle in chapter 9. Put another way,
there are no functions that are simultaneously eigenfunctions of al
t hree angul ar nonmentum operators. Frequently, one will see these
commut ation relationships witten in 'frequency' notation. Recalling
fromchapter 9 that Planck's energy equation relates the energy of a
photon to its frequency E=hv where nis in hertz. Alternatively:

where w is in radians per second. Dividing by % gives the
(equi val ent) frequency notation. If we divide our comutation



rel ati onships, [10-3], by h we get the frequency notation:
Jod,)=id

T J\=iT, [ 10- 4]
Jy. J =10

We can do the same investigations into the comutation
rel ati onshi ps between ~i2 and fo : Lfy and Liz . Wen we do so, using
the above definitions for these operators, we get:

In these cases we see that f2 commutes with all three angul ar
nmonment um operators. Thus, it is possible to neasure sinultaneous
val ues using jz and one of the angul ar nonentum oper at ors.
Equi val ently, there exists an eigenfunction that can be used

simul taneously with Lf2 and one of the angul ar nonmentum operators.

Now, all this talk of eigenfunctions and angul ar nonmentum
operators | eads one to think "what about the eigenval ues of these
ei genfunctions" (well, maybe not but ...). Since there is a set of
ei genfunctions that satisfy both J2 and one of J, , Jyor J,, we
can try to find out what it mght be or to find the correspondi ng

ei genval ues. The choice that is generally nade is to use jz and fz.

In the follow ng discussion it is convenient/necessary to
i ntroduce a couple of new operator definitions. These are the so-
call ed | adder or raising and | owering operators:

A A

Jo=J+ij, and J=J -ij, [ 10- 5]

Their conmutation relationships are:



7. [ 10- 6]

Now let's try for sone eigenval ues of LfZ and Liz . First,
remenbering that these two operators have commopn ei genfunctions, we
can call the eigenvalues of 2 and [J,, A; and A,
respectively and we can wite:

Az. .
Jlj.m>=A;]j,m>

' [ 10- 7]
J.lj.m>=a,[j,m>

This is our famliar Dirac notation that has been used here to

represent the common ei genfunction of f2 and fz. |j,m> represents
the spin wavefunction with enphasis on j and m rather that witing
|¥> . It helps us to keep clear what we are tal ki ng about. Anot her

way to wite this using Schroedi nger notation would be:

The Dirac notation is rather nore conpact and is useful in
devel oping the matri x representati on of operators.

Note that these are orthonornmal functions where:

<j''m'|j,m>=1 ifj'=j and m'=m
or

<j',m'|j,m>=0 if j'#j and/or m'#m

You will need to renenber these when we tal k about nmatri x
representations of operators.



Now, fromthe definition of fz , [10-2]:

and, using this in our eigenvalue equation [10-7]:

2+ T2 j.m>=(J>~J2)| j,m>
=(AJ_A3n)|jlm>

Si nce fx and fy correspond to experinental observables (and are
therefore hermtian) they nust give real, non-negative nunbers so
that ( j2 + ]i ) will also give real, non-negative nunbers:

A—A2>0 [10-8]

J

A A A A

Si nce []Z,]+]=f+orflf+—f+]2=]+ (from[10-6]) we can wite:

A A A

<jm'|J, J.-F.J,1im>=<jm'|J,|jm>

where | has the sane value in the bra and ket but m may (or nmay not)
be different fromm That this is so is because:

J Jjim>=(J,+J.J,)jm>
(using J,J.~J.J.=T.)
=(Jor Al m>
=(An+1)J,1j,m>

This shows us that j,f, , operating on the eigenfunction,
|j,m> , produces an eigenvalue of A, plus one. Ww Wat a result!
Let's think about it for a noment. The result of fz|j,m> i's
A.lj,m> ... we said this earlier in equation [10-7]. Contrast this
with f f.|j,m> which gives (A+1)f,|j,m> . If you consider
f+|j,m> as a whole to be just another eigenfunction of jz , then



this result indicates that j; must operate on |j,m> to give
|j,m+1>

Joljm>=¢,|j,m+1> [ 10- 10]

Only mis affected by this operation .. j, related to the total
angul ar monmentum is unaffected. Furthernore, there nust be a whole
set of eigenfunctions of J, whose eigenval ues are separated from each

ot her by one.
Simlarly:

J.lj,m>=¢,|j,m-1> [ 10- 11]

Now, since we have shown that A,—aA7>0 (equation [10-8]), this

nmeans that there nust be a maxi numand a m nimumvalue for A, . In
ot her words:

—JA<A,<VA

If we try to use the raising operator on an ei genfunction that
al ready has a maxi num val ue of mwe cannot generate one wWwith mg, + 1

and we are forced to wite:

J+lJ My >=0

and
J-lj/mmin>=0

Aa T2 f2
]-]+|J'mmax>=(] _]z_]z)l.]lmmax>
(from the definitions of j and f )

2 .
= <AJ_?\mfmax_Am7max) |J ,m>=0

Way you ask, is it equal to zero?



J i mpe>=J.(J1j, My >)=J.(0)=0

so, assuming that |j,m,,> has a non-zero val ue:

(Aj_ Am—max_Am—max)=O

or:
2
Aj=Am —max+Am7max

Aj=)\mfmax(2\m—max+ 1 )
Simlarly, for J,J.|],Min,> We obtain:

)\j=)\m—min(Am—min_ 1 )
and we can then say:

2 )
Am—max_l_)\m—max _Am—min+Am—min

This can only be true if Aynax) = - An(nin)-

Conbi ned with our know edge that the eigenvalues of J,|j,m>

differ fromeach other by exactly one, the fact that there is a
maxi mum and a m ni nrum ei genval ue for the set of eigenfunctions and
the fact that the maxi num val ue equals the negative of the m nimum

val ue means that the eigenvalues of J,|jm> can take only the
values ...-3/2, -1, -1/2, 0, +1/2, +1, +3/2 ... No other values are
possi ble. Thus, there are 2Ayqmx + 1 possible values of m

It is customary to define j = Aypax)y and -j = Aypiny. This gives us:

Aj=j<j+1)

Now, since j is defined in terms of Aymmy and Ay ranges from
A(miny O Ap(naxy in steps of one, the values that j can take are O,
1/2, 1, 3/2, 2 ...



The possi bl e val ues of A, depend on j and the fact that they
differ by one fromeach other. So, if j =1, then A, or mfor short

(which is one of the things that sonme books fail to point out
explicitly!), can be -1, 0, +1. Mre generally, for a given val ue of
j, mranges from-j to +) in steps of one.

So now we have the eigenval ues of J2 and J,, j(j+1) and m
respectively.

Ready for nore? Lets |ook at z,, and c,, As you will no doubt
instantly recall:

<jmlJJ.X1j,m>=c,<j,m|J1j,m+1>=C,En < jm|j,m>=C, 50,
al so, burned into your mnd is:
<jml|JJjm>=<jm|J*~J;-J,1j,m>

and since we now know what the eigenval ues of J2 and J, are:

<j.m|J*-J*-F,lj.m>=j(j+1)-m(m+1)
=§m§m+1

We can also call up the hermtian operator "trick':

<jm|j.J.1j,m>=¢c,<j,mlJ|jm+1>

[<j,m+1|J,|j,m>]

§;<jJn+1HjJn+1>
=C,.Cn

Cm
Cm

(since J_ is hernmitian, J." = J,)

So:



Cnlm=CmEms1

and:

Cm=Eme1
Clm=1Cnl?=J(j+1)—-m(m+1)
Cn=vVj(j+1)-m(m+1)

Simlarly, for <jm[J.J|j,m> :

£,=VJ(j+1)-m(m-1)
In summary we now have four eigenval ue equati ons:

J.ljm>=m|j m>

T j.m>=j(j+1)|j,m=>

There wi Il be 2j+1 possible eigenvalues of J,

J.1jm>=(j(j+1)-m(m+1))| j, m+1>
J.1ji,m>=(j(j+1)-m(m-1))|j,m-1>

Al'so, we can derive expressions using J, and Jy,. Fromthe definitions
of the | adder operators:

So:



A A

(JotJ.)

Jiljm>="22 j,m>
T, . J.. .
=—|j m>+—|j,m>
> | Jj 5 | Jj

=G+ D=mm+ 1) j,m>+2 G+ D-mm=1)| j,m>

Simlarly:

J g m> = (G D=mme 1)) j, m>=( G+ D -m(m=1))| j,m>

or (remenbering that 1/i = -i):

A

Jlim>=- (G D=mm1)| j,m>+2 (F+D-mm=1))| j,m>

The orthonormality of the eigenfunctions wll considerably
sinmplify these expressions when | ooki ng at operator natrices.

The synbol, J, is a generalized synbol for an angul ar nonentum
operator. Wien one wi shes to tal k about a specific type of angul ar
nonment um one general ly changes the synbol for the operator (but not
the math!). For exanple when the orbital angular nomentum of an
el ectron is being discussed one would use L or when the nuclear spin
is of interest, I or S wuld be used. The math and the results do not
change however.

10. 2 Coupling of Angul ar Mnenta

10. 3 Angul ar Monment um QOperator Matrices

We can do sone expectation value cal cul ati ons using the angul ar



nmonment um operators that we previously devel oped:
<jml|J,|j.m>=<j,m|m|j, m>
=<j,m|j,m>
=m
(<j,mj,m nornalized and equal to one)

As we have seen, generally, for a spin with spin quantum nunber
j, there are 2j + 1 values for m ranging from-j to +j in increnents
of one. For exanple, for a spin of 1, mcan be -1, 0 or +1. W can
use this to represent all of the possible expectation values for an
operator in a matrix. So, for a single spin with j=1 we would do a 3
x 3 matrix (3 because of the three values of m. The colums in the
matri x would be labeled |j,+>to |j,-]j> in steps of one (of course!)
or just +j to -j, which are the possible values of m For our spin

with j=1 these would be 1, 0, -1. The rows are |abeled simlarly
except that bras are used ... <j,+4| to <,-j|

Each matrix elenent is then the expectation value of the
operator using the corresponding bra and ket. So, for row 1 and
colum 1 the expectation value of I, would be:

<1.,1|1,[1,1>=<1,1|1|1,1>=1<1,1|1,1>=1
The whole |, matrix for our j=1 spin is:

1,1> [1,0>]1,-1>

<1,1] |1 0 O
<I,>=<1,0l [0 0 ©
<1,-1/|0 0 -1

The 'basis' functions in bra and ket form are shown beside the
appropriate rows and above the appropriate colums. Colums 2 and 3,
row 1 are zero since the eigenfunctions are orthonormal and col | apse
to zero.

We can now wite out the generalized expectation values for al
of our angul ar nonentum operators for all non-zero matrix el enents:

<j.mlJ,1j,m>=<j,mim|j,m>
= m< j,m|j,m>
=m
<j,m|Jj,m>=<j,m|j(j+1)|j,m>
=jj+1l)<j,m|j,m>
=j(j+1)
<j,m+1|f,|j,m>=<j,m+1|V[j(j+1)-m(m+1)]|j,m+1>

=j(j+1)-m(m+1))<j,m+1|j,m+1>



Vi(+1)-m(m+1)
and simlarly:

<j,m-1|J.|j,m>=Jj(j+1)-m(m-1)

There are two ways that the elenment of J, can be constructed,
dependi ng on the value of min the bra:

ViG+ T -m(m+1)
2

=(%)(\/j(j+1)—m(m+1))<j,m+1|j,m+1>

<j,m+1|fx|j,m>=<j,m+1| |j, m+1>

=GN+ D=m(m+1)

or

Jj(j+1)—m(m—1)|
2

=(DFGFD=-m(m=1)<j,m-1] j,m-1>

<j,m—1|fx|j,m>=<j,m—1| j.m-1>

=GN+ D=m(m=1)

Sane for Jy:

ivj(j+1)-m(m+1)
2

=(%)(\/j(j+ 1)-m(m+1))<j,m+1|j,m+1>

<jm+l|J,|jm>=<j,m+1| |j,m+1>

= (WG =-m(m+1)

or

ivj(j+1)-m(m-1)
2

=~ (OWFTFD=mim=1)<j,m-1] j,m-1>

<j,m—1|fy|j,m>=<j,m—1| |j,m-1>

= (WG G+ D-m(m=1)



This is lot of stuff for what turns out to be sone rather sinple
matrices. In the case of spin-%% nuclei (spin-% refers of course to
] =¥9 we can cal cul ate what the expectation values of the nuclear spin
angul ar nmomentum operators, 1,, I, and |, are. For I, the calculation

is particularly sinple. Since:
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the matrix is:

0
<[ >= l

N

where <|,> represents the expectation value of I,.

For I, the calculation is a bit nore conplicated (but not

much!). First, we visualize the basis functions along side the
initially enpty matri x:

As you will recall froma few |lines back, there are two
expressions for the expectation value of I, (Jy actually, since it

was a general angul ar nonentum operator then, but | digress)
dependi ng on whet her mincreases by one or decreases by one. |If you

| ook at row 1, colum 1, this is <%g%¢fJ%,%> . You can't use the

first of the two equations since this would raise 1/2 to 3/2 but m
cannot be larger than j (renenber the maxi numvalue of mis +j and



the mninmnumvalue is -j). If you use the second of the two

expressions you will get <%u%¢JU(]+1f—m(m—4)“%,—%> or
s 11,1 1 . . .
[](]+1y—m(m—<m]<§,EyE,—E> and since the basis functions are

I%;—%> is equal to zero. Simlar

N | =

ort honormal the expression <%,

cal cul ations for the other matrix elements lead to the I, matrix:

o 1L
<] >= 2
X l O

2

Simlarly for Iy

0o —L
<] >=|. 2
y i 0

2

For spin 1/2 nuclei we often abbreviate |%,%> to |a> and

|%;—%> to |B> and the nuclear spin operators are f, or [, or
f& . There are, of course, corresponding |adder operators, [, and
I . Hopefully, fromthe above discussion and the di scussion of

angul ar nonment um operators you can see that:

1

IAZ|0<>=E|0(>
and

~ 1

Iz|B>='§|B>

One of those frustrating "it can be shown that" statenents that
one runs across is "it can be shown that ﬁJa>=%¢ﬁ> " but then it is

not shown or stated where it is shown. W show it here using the
| adder operator definitions:

> ~
I
~> H)
i)

Ty

Addi ng these together and sol ving for f;:



I =
X 2
So:
. I+
IJa>='E “ o>

and since these are |linear operators:

1 -~ 1+
=§I+|O(>+§I_|O(>

Remenbering our definitions of |a> and |B> and the effect of
the | adder operators from above:

1
=O—
+2|3>

The "0" cones about because the eigenval ue of f4a> wor ks out to be
zero for spin % (why?).

Thus:
IJa>=%¢ﬁ>
and simlarly:
fp>==a>
Iy|a>=;;|g>
Iy|[3>=-%|o<>
As you can see, |x> and |B> are not eigenfunctions of f; and

as we should expect to be the case since they do not conmute
wth 1, .
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