1 Complex Numbers

“The beginning is the nost inportant part of the work”
- Plato

1.1 Why Complex Numbers?

A conpl ex nunber consists of a real part and an inmagi nary part
and is generally represented as:

A=x+iy [1-1]
where j=y/-1 .

One can al so represent the conplex nunber pictorially in a Argand
di agr am as:
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Figure 1-1: Argand di agram
for the graphical
representation of conpl ex
nunber s

where I'mand Re indicate the inmaginary and real axes.
The conpl ex conjugate of Ais A* and is defined as:
A =x—iy [1-2]
Where do conpl ex nunbers cone fron? Under what circunstances

woul d anyone want to contenplate using thenf? Essentially, conplex
nunbers arise froma consideration of the roots of certain
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pol ynom als. A very sinple exanple would be the roots of x2 +4 = O:

—4
x=*xv—4
=+2-—1

In this case the solution of the equation is an imagi nary nunber but
in general a conpl ex nunber of the formintroduced above in equation
1-1 can be expected. Since -1 arises so frequently it is given the
synmbol i in the sciences (the synbol j is used extensively in
engineering as i is used for electric current there).

X2

It is interesting to briefly consider the history of nunbers.
The first humans had no need for nunbers and woul d therefore probably
not have understood the concept. Utimtely, of course, nunbers were

invented for use in counting .. taking stock of animals and itens of
trade. The first set of nunbers was undoubtedly sinply a set of
i ntegers beginning at 1 and increasing fromthere .. we're al

famliar with themas we learn themat a very early age. This is very
obvious and intuitive to us; anyone that counts uses these nunbers.

It turned out however that this nunber systemhad to be altered to

i nclude zero. Way? Well, basically, in order to count nothing you
need a nunber for it. Oiginally used in India for practica
calculations it is now an integral part of our nunber systens. So,
the sinple nunber systemwas altered out of necessity to produce what
we now refer to as the natural nunbers.

Negative nunbers were introduced to represent debts, again in
India. Yet again the nunber systemwas altered to include negative
nunbers into what we now refer to as the integers. There were those
in anci ent G eece who consi dered negative solutions to equations to
be fal se and 'absurd' so the use of negative nunbers has not been
wi thout its controversies.

Next, in order to express fractional quantities yet a new set of
nunbers was needed. Using fractions of integers we cone up with the
rational nunbers. Thus:

1
—=0.5
2

l=O.333...
3

but we still do not have a conplete set of nunbers. For exanple, the
square root of 2 cannot be expressed as a rational nunber. That is,
it cannot be expressed as a ratio of integers. It is referred to as
an irrational nunber. So again the nunber set was added to with



rational and irrational nunbers. Together they make up the set of
real nunbers.

As nentioned above, the solutions to sone equations require the
use of the root of a negative nunber. O course this idea would have
driven the ancient G eeks around the bend! How can one take the root
of a negative nunber? Nonetheless it is necessary to use this concept
to solve these equations so we again alter our number set to include
the root of -1 in the formof conplex nunbers. Each tinme that a new
type of nunber was needed in the past it was added to our set of
nunbers.

This still doesn't really explain conplex nunbers, however. If
you | ook at the general solution of polynomals you find that for a

pol ynom al of degree n there are n factors fromwhich we can extract
n roots of the equation!. For exanple:

x’—3x*+6x—4=0
This polynomal is of order three and has the three roots:
x=1, x=1+\/——3,x=1—\/—_3
and in general for a polynom al:
X"+ AX" '+ Bx"*+Cx" *+...+ N=0
there are n factors:

(x=a)(x=B)(x=y)(x=d)...(x=v)=0

such that: A =the sumof —-a , -, -y ..-v
B =the sumof all their products two at at tine
C =the sumof all their products three at a tine
N = the product of all taken together

You can see fromthe above exanple equation that there are two
conplex roots for the equation. Furthernore, they are conjugates (see
bel ow) of each other. Thus, the use of x + iy to represent these
types of nunbers.

1.2 Properties of Complex Numbers

1 There is a fascinating and very readable translation of an article published by Leonhard Euler in 1751 on complex
numbers and their origin. Please see the references list.



The conjugate of a conplex nunber differs fromthe conpl ex
nunber in that the opposite signis used in front of the term
containing i.

The inverse of i equals -i:

1i_ i . [1-3]
o

The suns and products of conjugate conplex nunbers are real:

(x+iy)+(x—iy)=2x

1-4
(x+iy)-(x—iy)=x"+y’ [ al
and the difference between conpl ex conjugates is inmaginary:
(x+iy)—(x—iy)=2iy [ 1- 4Db]

Fromthe Argand diagramin figure 1-1, the length of the liner
is called the nodul us of conplex nunber A

r=Vx’+y’=|A| [1-3]

Sone properties of the nodul us:

jAl=]4
|Al]A |=]A]
|A1A2|:|A1||A2|

[1-6]

We can extract the real and imaginary parts of the conpl ex
nunber using the appropriate functions:

Z=x+Iy
Re(z)=x [1-7]
I m(z)=y
One can also see an angle, 6 , in the Argand diagram figure 1-

1. Thus, the conpl ex nunber can al so be represented in polar
coordi nate form

A=re" [1-8]
Eul er's theorem (see Appendix Il) is stated as:

e'®=cos(0)+isin(0)



so that:
A=re'"=r[cos(0)+isin(0)]

From the Argand diagram (figure 1-1):

<

cos(6)=$,sin(6)=

X
r

= |x =

f=arccos(=)=cos ' (=)

= arcsin(%)z sin” ' (

)

RIS

(Note that sin-1 and cos-1 do not refer to the inverses of these
functions!). So:

=Xx+iy

hence the intimte association of the conplex nunber with a phase
angle, 0

The product of two conpl ex nunbers can be done in two ways;
either using the formal conplex notation definition of the nunber
(equation 1-1) or using the polar coordinate form (equation 1-7).
Thus, for two conpl ex nunbers:

A=4+i5 A,=3+i
or in polar notation:

Alz 6.40 eO.BQGOi AZZ 3.16 eO.3218i
t he product of A1 and A2 using the conplex notation is:

A A,=(4+i5)(3+1i)
=12 +4i+15i +5i°
=7+19i

or in polar notation:

A-A,=6.40e"P%".3.16"7™
— 20 25 61.21781

(the phase angles here are in radians). W can show that these two
results are equival ent by converting one into the other. Let's
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convert the conplex notation answer into polar notation:

r=vx"+y*=172+19°=20.25

J=sin (=12 )=1.2178

6=sinfl( 30.25

RIS

r=20.25¢"*"""

The product of a conplex nunber and its conjugate is real and
positive:

[1-9]
=[a7
The inverse of a conplex nunber is:
1
X+Iy
however, this is not in standard form (equation [1-1]) so:
1- - 1- Xx_l-yzxz_lyzz 2X ;1 zy 2 [1-10]
Xty x+ly x-ly x4y x+y x4y
Thus, we can divide two conpl ex nunbers:
A=x,+iy, B=x,+iy,
A_ X+, : X Y
- . :(Xa+lya) 2 . PR : 2
B Xx,tiy, X;+y, Xty [1-11]

_XaXb+ya.yb .bea_xa.yb
- 2 2 +1i 2 2
X+ Y Xpt Y

We can, of course, also do division using the polar form

i0 i0
A=r,e* B=rge”
A_Ta i,-0)
B ry

As with the product of two conplex nunbers in polar form this is
equi valent to the standard form quotient:



A Ta io,-0,
—=—"e

B rg
=:—A(cos(6A—GB)+iSin(6A— 0,))
B

d [(cos(6,)cos(0,)+sin(0,)sin(0,))+i(sin(0,)cos(0,)—sin(6,)cos(0,))]

_A
I'g

_rA[(Xaxb+yayb)+i(yaxb_ybxa)]

I'p Fal's I'alg

1 .
=r_2[(XaXb+ya.yb)+l(yaxb_ybxa)]
B
_ XeXpTYaYs iyaxb_.ybxa

2 2 2 2
Xy T Yy Xyt Yy

which is of the sanme formas [1-11].

Fromthe Euler theorem sine and cosine can be expressed in
ternms of exponential s:

ei6_|_e i0
cos ()= >

eiﬁ_e i0
sin(¢)= 5

c_number s??

1.3 Problems
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