3 Vectors

"My own idea of a useful course is to begin with arithnetic, and then
not Euclid but al gebra. Next, not Euclid, but practical geonetry,
solid as well as plane; not denonstration, but to nake acquai ntance.
Then not Euclid, but elenentary vectors, conjoined with al gebra, and
applied to geonetry." - diver Heaviside

3.1 A Definition of Vectors

W wish to provide a very general definition of vectors that we
can use here and in later chapters as needed. W consider sets of
objects that follow a very specific set of rules for their
comput ati onal properties. The term'objects' is purposely vague here.
The object m ght be a nunber or a matrix or a function. For clarity
one mght think 'real nunbers' here in order to follow the
definitions and rules. Note the use of bol dface characters wth an
arrow above to denote a vector as distinct froma 'normal’' nunber or
scal ar. Qur purpose here is to put forward the nmechani smfor
identifying a vector and being able to say 'yes that is a vector' or

"no that is not a vector'. It is difficult to give exanples that are

easy to visualize so we will defer exanples until later sections. W

will represent vectors here in boldface with an arrow above. Thus:
acv

represents a vector a belonging to the set of vectors, V .

Vectors are objects that belong to a set of simlar objects
called a vector space. The words 'vector' and 'space' are
inextricably |inked and when sonmeone nentions the word 'space' the
mat hemati ci an thinks inmediately 'vectors' and vice versa. Thus, the
conpl ete set of vectors, V , conprises a vector space. In order to
be classified as vectors, these objects nust satisfy sone very basic
al gebraic criteria.

The basic vector algebra rules are as foll ows:

1. addition is comutati ve:
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2. addition is associative:
G+(b+¢)=(ad+b)+¢
3. there is an additive identity elenment, O:

-

a+0=a



4. every elenent of the set has an additive inverse, -a:
G+(—a)=0

Scalar nultiplication is also included in the al gebra of
vect ors:

L aa+ ) ad+ab distributive
2. (a+p)a=ad +Bb di stributive
3. (ap)a=a(pa) associative law for nultiplication

The new vector(s) produced by these additions and scal ar

mul tiplications nust also be an el enent of the vector space, V .
This being the case, we say that vectors are closed under addition
and scal ar nultiplication.

A subspace is a set of vectors that is a subset of a full vector
space. The subspace wi Il have the properties:

1. when @ and j belong to the subspace then g+p al so belongs to
t he subspace.

2. If & belongs to the subspace and o is a scalar then aa al so
bel ongs to the subspace.

One may wite a |inear conbination of vectors:
n
Y c.é=c,e,tc,e,tc et ... [ 3-1]
1

If we do this and are able to find a set of ¢'s (other than al
zero's) such that:

c,é+c,8,+c,e,+...=0 [ 3- 2]

then the set of vectors is said to be linearly dependent. O herw se,
if in order to satisfy the equation we nust set all c's to zero, the
set is linearly independent. A set such as either of these is called
a basis set of vectors. We shall be nmuch interested in basis sets.

A set of vectors is said to span a vector space if every el enent
of the vector space can be expressed as a |inear conbination of
menbers of the set of vectors:

a=a,€,+a,€,+a,é+... [ 3- 3]

In other words if any vector in a vector space can be witten as a
| i near conbination of a set of vectors that set of vectors spans the



vector space. What is really of interest here is that if this set of
spanning vectors is also linearly independent it is said to forma
basis set for the vector space. The nunber of vectors in the basis
set is the dinension of the vector space. Also of interest is that if
we have a basis set of vectors:

{€,e¢é. .}

>

any vector in the full set of vectors of which the basis set is a
part can be constructed as a |linear conbination of these basis
vectors:

a=a,e,+a,€,+a,é,+... [ 3-4]
The a's are called conponents of the vector, a

In order to qualify as a vector space the al gebraic rules set
out at the beginning of this section nust be satisfied for al
objects in the vector space. It nust also be possible to produce the
i near conbi nati ons of objects that have been di scussed.

Havi ng been suitably general (or perhaps vague from your point
of view) let's |ook at exanple of vector spaces. Renenber, to qualify
as a vector space the vectors in the set nust satisfy the basic
algebra rules. W will start with a set of 2 x 2 matrices of rea

nunbers:
1 0 0 1 00 00
00 00 1 0 0 1
1 2 12 0 3 6 6 2
3 4 0 O 9 12 32 9
a,, dap
a dyp

These are but a few of an infinite nunber of 2 x 2 matrices that we
could cite. The first row conprises a basis set fromwhich all other
2 X 2 matrices can be constructed from

a, a 1 0], Jo 1 0 o], [o o]
A=|"1 T21=q +a +a +a
a, a,| 10 0] "?0 1 0] "*l0 1
by, byl [1 0], [o 1], Jo o] . [o o
B= o720 o[™2[o oftP21 ofTP2l0 1
21 22 L d L J L d

How do we know that it is a basis set? The test is '"is it linearly
i ndependent?'. It is:
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The only way this equation can be true is if all x's are equal to
zero which nmeans the matrices are linearly independent.

Matrices A and B can be added to give matrix C

a,;, dap
ay; Ay

bll b12
bZl b22

a,+b,, a,+b,
ay +b,  ay,+b,,

C=A+B= -

which is another matrix in the vector space. W can nultiply matrix A
(or Bor C by a scalar to produce yet another matrix in the vector
space:

aA=q|91 Gi2|_|*dy Gdy
dp; dyp| |Gdp; Oy
In fact, if you look at it carefully, you will see that these 2 x 2

matrices satisfy each of the rules of algebra for vectors. Hence we
can say that they constitute a set of vectors.

Anot her exanple is the set of all polynom al functions of rea
nunbers. For exanpl e:

f(x)=x"-2x
g(x}zxu+3x5—2

W may add these functions to produce a new function of real nunbers:
k(x)=f(x)+g(x)=x"+3x"+x*—2x-2

W may nmultiply any of these functions by a scalar to produce a new
function of real nunbers:

m(x)=6f(x)=6x"—12x

Thus, the set of all functions of real nunbers is a set of vectors by
definition. We can try to find a basis set for these vectors. Let's
think in terns of constructing a vector such as f(x) fromthe basis
set:

f(x)=(1)x(x*)+(=2)x(x)

What we have done here is to construct f(x) froma |linear conbination
of powers of x so a basis set nust consist of the individual powers
of x:



ibixi

i=0

These are linearly independent since no one xi can be constructed
froma linear conbination of the other xi. Al so, the nunber of
menbers of the basis set is infinite so the dinmension of the

pol ynom al space is infinite. Infinite dinmensional spaces appear in
t he Schroedi nger formulation of quantum mechani cs.

3.2 Simple Euclidean Vector Algebra and Inner Product Spaces

W have, so far, tal ked about addition and nultiplication by
scal ars but not about nultiplication of vectors by vectors. W now do
so.

The nost famliar vector spaces are two- and three-di nensi ona
Eucl i dean spaces, which we shall denote using R2 andR3.. W use R to
enphasi ze that we are using real nunbers in our vectors (for the
nonent). Vectors in these spaces can be conveniently represented by
ordered pairs or triples of real nunbers and are frequently depicted
graphically as arrows beginning at the origin. These vectors may be
added together using the parallelogramrule (see figure 3.2) or
mul tiplied by real nunbers (scalar multiplication) and in general,
satisfy the criteria for vectors given above. W leave it to the
reader to verify this (practice nmakes perfect!). In addition we
define the concepts of |ength and angl es between vectors.

A vector in the Euclidean sense is a
quantity that has, in addition to the
above properties of vectors, both a scal ar X
value (or a magnitude) and a direction. It
is thus, easy to represent two di nensi onal r y
vectors as arrows on a plane. Here in
figure 3-1 we have represented a vector a

beginning at the origin as is the genera
convention and pointing (in this case)
into the upper right quadrant. The end
poi nt of the vector can be represented by

its x-y coordinates ... this is an often-

used way to conpactly tal k about vectors. Figure 3-1: A two

It can of course be expanded to higher di mensi onal Eucl i dean
di rensions .. as high as desired. The vect or

| ength or normof the vector is
l@|=Vx*+y* in 2D and  |a|=Vx*+y*+z*> in 3D, easily calculated fromthe
Pyt hagor ean t heorem

1 Do not confuse these superscripts with powers. They are meant instead to indicate the number of dimensions of the
space.
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Al gebra on these types of vectors can be done in several ways.
The sinplest is to use the parall el ogram nethod. Thus, addition is
done by lining the vectors up head-to-tail and drawi ng a resultant
vector fromthe tail of the first to the head of the |ast:

N

Fi gure 3-2: Parall el ogram net hod of vector addition

where here, vectors a and b are placed head-to-tail to produce the

resultant vector c. Subtraction is simlar except that negative
vectors are reversed. So, a — b gives:

NSO,

Figure 3-3: Parall el ogram net hod of vector subtraction

A conmmon use of vectors is to denote the spacial position of an

obj ect. The position vector, often give the synbol 7 , is anchored

at the origin and points to the position in space where the object
resi des. Position vectors can be used to cal culate the vector between

two points in space by sinply doing a vector difference cal cul ation.
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Figure 3-4: A position vector, r.
Very frequently we use unit y
vectors multiplied by a scal ar
nunber to represent vectors: -
z
-> Fz

S

1

S

Figure 3-5: Position vector
di fference cal cul ati on

Fi gure 3-6: Three di nensional unit

vectors Thus, we m ght show the 3D vector

a as the linear conbination:

¥

<

a=3u +61 +,

and vector b as:



ux, uy and uz are, of course, a basis set for 3D vector space, as

di scussed in the first section. That this is so can be seen fromthe
definition of a basis set. First, we can construct any vector in R3
space froma linear conbination of these three vectors, as indeed we
have just done with a and b. Second, these three unit vectors are
linearly independent. That is:

-

—> —>
cu,tcu +c,u,=0

and the only way to do this is to have each ¢ be equal to zero.

Addi ti on and subtraction are quite easy. One sinply adds or
subtracts the scalars multiplying into the unit vectors:

The scalars in front of the unit vectors are the conponents or
coordi nates of the vector .. in this case in three di nensions.

Any one of the familiar planes in R3 space is a subspace of R3
space as defined above. Thus, if we consider the x-y plane and two
vectors, a and b in the plane:

Vector a plus vector b gives a new
vector ¢ that is still in the x-y
pl ane. Also any scalar nultiplied
into aor bwll result in a
vector that is still in the x-y

pl ane. As you will recall fromthe
above di scussi on on subspaces,

this fits the definition of a

subspace and therefore the x-y

pl ane is a subspace. There are two
unit vectors, ux and uy directed
along the x and y axes
respectively, that forma basis

J for this particular subspace so
Figure 3-7: Two di mensional vector this is therefore a R space.

subspace of 3D space

Also fromFigure 3-5, we note
that vector c is aresult of a linear conbination of a and b which
are thensel ves |inear conbinations of the unit vectors:
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x X y b, [3-5]
=(a,+b,)u,+(a,+b,)u,+(a

This being the case we can say that a and b span the subspace that is
the x-y pl ane.

We can nmultiply a vector by a scalar which sinply scales the
vector. Thus:

-

2a=2(3u,+6u,+u,)
=6, +12i,+21l,

Note that R2 and R3 vectors satisfy the addition and scal ar
mul tiplication criteria set out in part 1.

It is intuitive that there is a length to a Euclidean vector
One can see it in the graphical picture of a 2-dinensional vector and
calculate it using the Pythagorean theorem

and the length of a (represented by |a]) is:

|@||=v3’+6

=6.708

To do this calculation we have to do sonme nmultiplication. In fact, it
is as though we have taken two copies of a and multiplied their x and
y conponents and then taken the square root of the sumof the two. It
seens a bit silly at first sight to nmultiply a nunber and then take
it's square root however, since a length is a positive real quantity
we do this so that any negative nunbers involved result in positive

| engths. So, for our vector a:

and generally for a R3 vector a:

a=a, i, +a i, +a,i,
lal|l=va-a [ 3- 6]
=\/(ax~ax+ay-ay+az~az)

Here we are using the convention that |[d| represents the Iength or
the norm of vector a.
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M ght we not be able to do sonething simlar wth two different
2-di mensi onal vectors? Indeed, we can do so. W define the
multiplication of two different vectors, a and b, nuch as we did wth
two of copies of a:

bii [3-7]

Note that, just as with the length calculation, this quantity is a
scalar or sinply a nunber. Also, note that the product of a and b may
be either negative or positive. This quantity is called by severa

di fferent nanes including inner product and dot product. The inner
product is the nore general termwhile the dot product is nostly used
to refer to vectors in R and R3. There are al so several different
ways that one may see this product denot ed:

(@.b) [3-8]
0
(alb)
W will speak nore of the |ast of these notations |ater. A vector
space for which we can do inner product calculations is called an

I nner product space. R and R3 are two such spaces.

There are sonme properties that follow fromour definition of the
i nner product for R and Rs:

1. (&,a)=[|a|’>0 - the length of a vector is zero or greater

2. (ﬁ,b):(z,a) - the inner product is comutative (however, see
bel ow, equation 3-45)

3. (ad,b)=al(a,b) - scalar multiplication

4. (4,b+¢)=(d,b)+(@,¢) - the inner product is distributive

The inner product for two different vectors in a 2 or 3D space
nmust include the two ideas of |ength and angl e between vectors. W
have investigated the length idea but not the angle. Let's do so now
using the |Iaw of cosines (appendix Il, equation [A-11]) to get at it.
| magi ne vectors a and b in a 2-di nensi onal space and vector ¢ = a-b:
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Fromthe | aw of cosines:

a la—Bl =2l =lal*+I3] - 2I[@llBl cos (6)

and fromour definitions above:

Fi gure 3-8: Law of Cosi nes

@ -
(b,d—b) (distributive property)
a)—(_&,_l;)—(_l;,'&)+(_l;,_l;)
)_2(-&)-1;)

-2 -> >
I'=(a@) |Bll=(3.5)

(commutative property)

and we can then substitute into the | aw of cosi nes:

(@—b,a—b)=(a,a)+(b,b)-2|[@]| 5] cos(6)
(@,a)+(B,b)—2(a,b)=(a,a)+(b,b)-2llall|B] cos (6)

W note that (a,a) and (b,b) and -2 cancel out on both sides so we
have:

(@,B)=]dl|[[B]|cos(6) [3-9]

Thus, we see that the inner product is the product of the Iengths of
vectors a and b and the cosine of the angle between them Note that
equation [3-9] applies only to vector spaces conprised of rea
nunbers. Conpl ex nunbers conplicate things .. in particular, the
commut ative property of vectors is altered as we shall see.

Because there is generally an angle between two vectors a and b,
t he maxi num val ue that the inner product can take occurs when that
angle is zero radi ans. Any non-zero angle nmeans a cosine val ue |ess
than 1 and:



[2-Bll<all2]
or
Ja-5] <5 [3-10]

whi ch is known as the Cauchy-Schwartz inequality and will be of
i nportance to us later on in our | ook at quantum nechani cs.

If the angle between the two vectors in question is 90 degrees
then from[3-8] the cosine of the angle equals zero. Under these
ci rcunstances we say that they are orthogonal vectors:

~|a|l[B]|cos (0)=0 [3-11]

As far as a basis set in Euclidean space is concerned it is
conveni ent under many circunstances to use one in which each el enent
is orthogonal to the others and in which each elenent is normalized.
G ven the above definition of the dinension of a vector space it is
obvious that for R2 and R3 spaces there are two and three basis
vectors respectively which we represent here using ux, uy and u:z.
Since these are both orthogonal and normalized we call this an

ort honormal basis set.
We say that a vector is normalized when
(a,a)=1 [3-12]

A vector may always be nornalized using the definition of the inner
product and the norm

(@,a)=al
(@,a)_

[l

let a'=

‘m =

QY

then a'a'=1

We can do an inner product for each pair of our orthogonal and
normal i zed unit vectors:

- - - - - -

u-u=1 u-u=0 u-u=0

- > - > - >

@, 8=0 4,1 4,0 [3-13]
u, =0 u=0 u,u,=1

N
x
N
<

There are two main types of vector multiplication, the inner or
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dot product which we have just seen and the cross product so naned
because of the notation used to denote it:

¢=axb [ 3-14]
Just to conplicate things for a bit of fun, the cross product in

2D is different fromthat of 3D space. The 2D version, discovered by
Argand (of Argand diagramfane) is:

axb=¢
= (axux+ayﬁ'_y>) (bxiix—i-by[[y)_>
=(a,b,—a,b,)u,+(a,b,+a,b )u,

In diagramformthis | ooks as
in figure 3-9. This should | ook a
bit famliar to you .. it is
exactly the same as nultiplication

(91

of two conpl ex nunbers represented
in an Argand diagram Note that by
definition, the length or norm of B b
c is equal to the product of the
| engt hs of a and b. P
How do we show this? W use x
t he fundanental geonetric
definitions of sine and cosine and
a couple of trigononetric
identities:
J2/=Ifal||3]
gn(a):iil cos (o )= i‘ Fi gure 3-9: Two di nensional cross
] [l pr oduct
sin ()= cos (B)= 12
] 3]
sin(o+p) =t =—
Il i)
=sin(a)cos (B)+sin (B)cos (o)
cos o+ )= =—
1l jja[]

Wth these in hand we wite the x and y conponents of the new vector,
c:



c. a, b, b, a

X X Tx Ty Ty
- -
fallfell llall 2] 5] ial
or
c¢,=ab,—ba,

and:
Cy :ay,bx_i_by‘ax
lallaf el ]l {3] Il
or
c,=a,b,+b,a,
So:

-

c=(a,b,—a,b,)u,+(a,b,+a,b,)u,

This version of the cross product is little used and we nention it
only for interest's sake.

The 3D version of the cross product is however, heavily used in
all areas of the physical sciences and is crucial to understanding
many aspects of nnr spectroscopy. As with the 2D version, the 3D
cross product (which we shall refer to sinply as the cross product
fromnow on) al so produces a new vector, c. However, as we shall see,
this new vector is at right angles to the plane defined by a and b
and its magni tude depends on the angle, q, between a and b as does
the inner product. We define the cross product multiplication for two
R3 vectors a and b as foll ows:

[ 3- 15]

As with the inner product, given this definition there are properties
that follow

1. axb=—bxa - Swapping rows (see properties of determinants in
chapter 2) in the determ nant [3-15] changes sign

2. Gxyb=yaxb - scalar nultiplication (see [2-21])

3. @x(b+¢)=daxb+axé - distributive

4. Pxa=0 - the identity vector
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Property 4 follows from property 1

axa=——(axa)
(6]

Note the 'zero' vector in the last result. Since the result of the
cross product is always a vector we define the zero vector in this
fashi on. Every vector space has a zero vector. In fact, O itself is a
conpl ete vector space by definition, followng all of the al gebraic
rules set down in the beginning of this chapter. Recall that this is
the identity vector that is required for a conplete vector space.

W see fromthe definition of the cross product that the result
is a new vector. Wiat is the direction of this new vector? W can
figure this out using:

a-(bx?)
that is, the inner product between a and the result of cross product

of b and c. W further stipulate that a is in the sane plane as that
defined by b and c. Proceedi ng, we get:

Now, if ais in the sane plane as that defined by b and c, then it
nmust be possible to wite a as a |inear conbination of b and c since
b and c span the subspace of the plane that they define. and this
being the case, the first rowin the determinant is a |linear

conbi nation of the second and third rows. From[2-25] this neans that
the result will equal zero which neans in turn that bxc is orthogona
to the plane defined by vectors b and c.

As with the dot product, we ask ourselves 'what is the magnitude
of bxc?':
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- > ux u)’ ul
d=bxZ=|b_ b, b,
ck €, C,

b, b5 |b, b|+ |b -
= THd A T+ Y,
c, ¢ c, €, c, ¢,
_ - — -
=du+du +d,u,

From equation [3-6] the length (or the normin vector-speak) of d is:

| =Vdi+d2+a?
&l = +d2+ a2

b, b| . |b, bl |p, b,

C c C C c C

y z X z X y
=(bycz_Cybz)z_(bxcz_cxbz>2+(bxcy_cxby)2
12 2, 212
=b,c,+c,b,—2b,b,c,c,
+bic:+c2b-=2b,b,c,c,
+biczy+c§b2y—2b b,c.c

X"y Tx"Ty

2

= + +

At this point we do a little 'hocus pocus' nmgic and add sone terns
into the expression:

Ha”z:bic§+cibf—2bybzcycz
+bici+c bi=2b b,c,C

+bici+cib§—2bxbycxcy
2 2 2 2 2 2 2 2 2 2 2 2
+b,c,—b,c,+b,c,—b c +b,c,—b,c,
Since each termin the last line has its negative counterpart we have
not changed the val ue of the whole expression. However, it does allow
us to proceed. We can now gather all of the terns and sinplify things
using our forrmula for the Iength of a vector, [3-6], our fornulas for
the inner product, [3-7] and [3-9] and a trigononetric identity (see

appendix I, [AI-10]):

|‘EH2:(b§+bi+bf)(ci+ci+ci)—(bxcx+ bycyﬁLchZ)2
=[BI[I1elP 3] 1121 cos* (6)
=[B] [l (1-cos(0))
=|3]2]f sin®(6)
and
[all=[1B < &l|=[1BllI/zll|sin (6)]

So, finally we reach our goal. The equation for the length of the new



vector arising fromthe cross product of two vectors is:
Jel=llaxBll=l1allB]|sin o) [3-18]
Thus, if a and b are parallel the nagnitude of ¢ will be zero.
We know t hat the new vector, ¢, will be perpendicular to the
pl ane defined by a and b but what direction will the new vector, c,
be in after a x b? For sinplicity let's suppose that a lies along the

+y axis and b along the +x axis.

Usi ng our definition of the cross

I‘ product, [3-15], we wite:
a a=0-0,+a,i,+0-i,
b=b,ii +0-&,+0-i,
axph=|Y © u,— 0 0 u,+ 0 q, u,
0 0 b, 0 b, 0
5> =-a,b,i,
=cC
‘ Evidently, c lies along the -z
axi s:

Figure 3-10: Vectors a and b

P — <

In order to know where the %
resultant vector will be we use

the right-hand rule to determ ne

this. Imagi ne vector a rotating

about the z-axis towards vector b.

| magi ne al so, that this rotation - > .
corresponds to the rotational b

direction that a screw is being ///////////7

turned. The inward notion of the z
screw is the direction of the new
vector, c. It should be obvious
that if we wite bxa that the

resultant vector ¢ will be al ong Figure 3-11: Cross product of
the +z-axis. vectors a and b

(913

O course, the cross product applies to our unit basis vectors
as wel |:



—> — — - — - — —>
uxXu,=0 uXu=u, uXu=-u,

—> — — —> —> - — -

uXu=—u, uXu=0 uXu=u, [ 3-17]
- - - - - - - -

uXu=u, uXu,=—u, u,Xu,=0

It is useful to note the cyclic pernutation of ux, uy and uz in these
cal culations. Thus if you go fromleft to right and cycle back to the
begi nning and can go fromux to uy to uz then the result of the
calculation wll be positive. Gherwse, it will be negative. For
exanple, take wux X uy = uz then pernute by cycling each unit vector
one position to the right, uz x ux = uy and once again, Uy X Uz = Ux.
Any conbination that is out of order (ie. ux, uy, uz) will result in
a negative cross product ie. uy X ux = -uz .

Usi ng our exanpl e vectors and equations [3-13] and [3-16] we can
do dot and cross products:

a-b=(3d +6d +il,)(id,~5i,+2ii,)
=3 i, ~150 - +6u U, +60, i, ~300, 0,+12d i, +i,d,~5i,0,+2i,i,
=3-0+0+0—-30+0+0—-0+2
=-25
and the cross product is
- > - —> —> - —> -
axb=(3i, +6d,+i,)x(id,~50,+2i,)
=3u XU~ 15U, XU, +61U Xi,+6u, X, ,~300 XU,
+12u Xu,+u,Xu,~5u,Xu,+2u,Xu,
=0-15u,—6u,—6u,—0+12u, +ii,+5i,+0
=17d,—5ud,—211,
=C

As you can see, the dot product results in an ordinary nunber (or a
scalar in the maths vernacular) and the cross product results in a
new vector. The new vector, c, will be at right angles to the plane
defined by a and b as we have seen. How woul d you show this? Well the
definition of orthogonality (being at right angles) is that the dot
product of two vectors equal s zero.

a-¢=(3u,+6u,+u,)-(17u,—5u,—21u,)
=3-17+6+(—5)+1-(—-21)
=51-30-21
=0

Therefore, a and ¢ are orthogonal .



The cross product may al so be cal cul at ed usi ng the determ nant
met hod (equation [3-15]):

R u, Jy u,
axb=|3 ¢ 1
1 -5 2

=(6-2—(=5)-1)if,—(3-2—1-1)i,+(3-(=5)-1-6),
=17u,—5u,—21u,

z

The norm of vector a is:

a-a=(3u,+6u,+u,)(3u,+6u,+u,)
= (3d,-3d,)+ (31, 6i,)+(3i,-i,)
+(6d,-31,)+(61,-6i,)+(6i,-i,)
+(d,-3d,)+(id,-6d )+ (i, i)
=9+0+0+36+0+0-+0+1
=46

There is a third type of nultiplication which produces an entity
called a dyad fromtwo vectors using the 'normal' distributive rules
of multiplication from grade school:

—-> > —>(}> :—3>—x> —X—» <—>—>y—>
=3u,u,—15u u +6u u +6u u —30u u +u u

x X xy xz y X yy z7Xx zu,y z7z

W will have nore to say about this in the next chapter.
There are two useful extensions of inner and cross products, the

scalar triple product and the vector triple product. The scal ar
triple product is:

a-(bxe)

in which the three vectors are non-coplanar. This is the fornmula for
the vol une of a parall el epi ped whose sides are the three non-copl anar

-> b ->
vectors, a and ¢

v=a-(bx?)



That this is so is
evi dent fromthe
figure 3-10 and the
foll ow ng argunent.

The vol une of the
paral |l el epiped is the

i area of the
parallelogran1def|ned
b S by vectors b and ¢

times the height, h,

0 of the parall el epiped.
The area of the base
of the parall el epiped
i S:

S

Figure 3-12: Parall el epi ped defined by becH ”M“knﬂne
vectors 'é , -I; and Z‘ that i S, t he magnl t ude
of the cross product
(see Appendix I1). The vector defined by the cross product is the

-

area vector and is orthogonal to the plane described be vectors b
and € :

Qb
I
o
X
o}/

position to show t hat

our assertion

concerni ng the vol une

of the parallel epiped |-
is true: d

W now are in a *

v=a-(bx?)
=EI§ o
4\mbffwmﬁx e/ &
[Bxel b

In other words, the
hei ght, h, of the b

paral | el epi ped tines

the area defined by the base (not basis!) vectors of the
par al | el pi ped.

W may represent this result in determ nant form



The proof of this uses the matrix notation for the inner product
operations in the next section. See also, the problens at the end of

t he chapter.

W may also wite the scalar triple product as:
(axb)e
which is equivalent to our first scalar triple product:
4 (bx¢)=(axb)¢

That this is so follows fromour geonetrical argunments. If we define
the base of the parall el epi ped using vectors a and b then, as above,
axb is the area of the base and then the height of the

paral | el epi ped is given by ¢.g

What if the result of the scalar triple product is zero? This
could be so if one or nore of the vectors is the zero vector; however
this is trivial and of nore interest is the situation in which al
three vectors are coplanar and therefore dependent vectors. G ven our
above geonetrical argunments this would naturally be expected to give
a zero volune for the parall el epi ped.

. a, a, da,
a-(bx¢)=|b, b, b,|=0
C; Cy C3
Next, if in our expression (gxbh)¢ the vector ¢ is a unit
vector with a normof 1, then the expression corresponds to the area
of the parallel epi ped defined by &xb



|
=l|al|b|sin(¢)cos(8)

As in the appendi x, is the area of a parallel ogram
Finally, we can use the conmutative property of vectors in

"normal ' real space to show that:

<)-a

G (bxe)=(b
=g

ar X
X

The vector triple product is:

ax(bxe)=b(d-¢)-¢(ab)
i f sonmewhat tedious. Consider
the resultant vector, ¢

-

p and ¢

The proof for this is straightforward,
first the operation pxe . Geonetrically,
right angles to the plane defined by

be situated at

?

W |

a

A

(=t

to the picture then the plane defined by
to the plane defined by vectors
d is orthogonal to

-

If we add in vector @
vectors @ and g is orthogonal
p and ¢ by virtue of the fact that vector

t he pl ane:



Qi

A

b

Now, the operation gxd W ll produce a new vector, & , which will be
orthogonal to the plane defined by vectors & and g which neans

-

that it nmust be in the same plane as vectors p and ¢

?

This being the case, it nmust be possible to express vector @ as a

| i near conbination of vectors } and ¢

> ->

e=ab+b?

because all vectors in a plane belong to the sanme vector space and

-

the appropriate conbination of  and ¢ will produce @

Now, agai n consider the operation gxd=2 but now fromthe point
of view of the determ nant representation:



-

¥

-
u, u, u,

-

e=l|a, a, a,
d, d, d;

=(a,d,—a,yd,) ﬂx_(a1d3_a3d1)ﬁy+(a1dz_azd1> u,
=(a,d,—a,d,) ﬁx+(a3d1_a1d3)'jy+(a1dz_azd1) i,
=e U, +e,U,+e;l,
Let's ook closely at ei1:

e,=a,d;—a,d,

The conponents d2 and d3 result fromthe first cross product,
and have the val ues:

d,=bsc,—b,c,
d3:b1C2_b2C1

and:
e,=a,(b,¢c,—b,c,)—a;(byc,—b, c;)
Now, some 'hocus pocus' ...add and subtract aibiczi:
e,=a,b,c,—a,b,c,—a;b,c,+a;b,c;+a,b,c,—a,b,c,
and collect terns in bi:

e,=b,(a,c,+a,c,+a,cy)—c,(a,b,+a,b,+a,b,)
=b1(E-E)—c1(E-b)

Simlarly:
e,=b,(@-¢)—c,(@b)
e,=b,(a-¢)—c,(ab)
and fromour original |inear conbination of 7 and ¢
e=ab+b

as was originally asserted.

bx

-

c



3.3 Reciprocal Basis Vectors

Most of the tinme it is convenient to use basis sets that are
ort hogonal and nornmalized. Mdst of us are used to the standard
Cartesi an axes which are defined by orthogonal vectors. However, it
is not strictly necessary to do so and there are situations in which
one m ght contenplate the use of basis vectors that are not
ort hogonal and possibly not normalized as, for exanple, in
crystall ography. In 3D space it is necessary only that the three
basi s vectors be non-coplanar as are vectors &, p and ¢ in
figure 3-10. Using these three vectors we may construct any other
vector in 3D Cartesian space.

3.4 Matrix Notation

We can use matrix notation to conpactly represent our vectors.
Rat her than using:

a=3u+6d, +i,

we can sinply use:

[3-18]

Qi
Il
= o W

The inner product of two vectors:

a-b=(3d +6d, +i,)(ii,~54,+2i,)
=30, @i~ 150, 0, +60, d,+6d,d,~30d, d,+ 124, i, +i,d,-5d,d,+2i, i,
=3-0+04+0-304+04+0—-0+2
=-25

is represented in matrix notation by:



1
a"-b=[361||-5|=(—25)=-25 [ 3-19]
2

Here, superscript “T" indicates the transpose of the correspondi ng
colum vector. Many texts leave this out but if we are thinking
"matrices' when | ooking at vectors this notation serves as a rem nder
that this operation is necessary in order to do the inner product

cal culation. Note that in order to acconplish the dot-product
multiplication the first is a single-row matrix and the second a
single-colum matrix and that transformng froma colum matrix to a
row matri x is the equivalent of taking the transpose of the colum
matri x. W shall continue to use this notation throughout the text
where it serves to renpve any anbiguity however it is understood that
the dot product notation inplies the transpose of the first of the
two vectors.

Othogonality can be easily denonstrated fromthe dot product of
two vectors at right angles to each other:

1
1060]|0|=(0)=0
0

This is the matrix equivalent of witing:

- -
6u,u,=0

What happens if, instead of nultiplying a row vector by a colum
vector, we reverse the order of nmultiplication? Let's give it a try:

3 3 —-15 6
ab"=|6|[1 -5 2|=|6 —30 12 [ 3- 20]
1 1 -5 2

This is obviously not the scalar that we are used to by now but
rather a new matri x. This operation is called the outer product. And
is considered to be a special case of the Kronecker product (see [2-
3]). If we do the outer product of a mx 1 vector and a 1 x n vector
we Will obtain an mx n matrix. In the situation in which neither of
the vectors is | abel ed as being transposed we use the “ ® ” operator
here to clearly distinguish between the inner product and the outer
product when which one is the transposed vector is not obvious:

ab"=a®b

As with our dot product, it is now understood fromthis notation that
the second of the two vectors is transposed.



For our famliar R and R3 spaces the outer product is the
matri x product of a colum matrix with 2 or three rows and a row
matrix with 2 or 3 columms: The resulting matrix is a 2x2 or 3x3
matrix which is not a normal 2D or 3D vector

The outer product is of sone
y interest later on so we wl|
investigate it a bit further.
a=au, +au, +au, Consider a vector a in R where a
is, as usual, conposed of a linear
ayuy conbi nation of the basis vectors
ux, uy and uz (figure 3-13). Now,
consi der what we get when we do an
au I nner product cal cul ati on using
) one of our basis vectors, ux say,

asu,
::::>>\\\\\\\;X and a:

i l;Tﬁ—-»T'(a i +a,il,+a,il)
Fi gure 3-13: Conponents of vector x T Tx ATIEx D TRy - T3
T —> T > T —>
a =aqu,u,taucu,t+au,cu,
=a1
Simlarly, for uy and uz we have:
-
T =>_
u,a=a,
->
T =»
u,-a=a,
Now, consi der:
-
- T =
i, (u,a) [ 3- 21]
—>
=alux

Wth reference to figure 3-13 you can see that what we have done is
generate the projection of a onto the x-axis and have generated a
vector that is proportional to the unit vector along the x-axis.

If we define the outer product:

>

[l

<y
X~

¥

o>
[l
& *%:"]¢ = \

[ 3-22]

>
N
[l
N:¢
NN

then [ 3-21] becones:

P di=a,ii [ 3- 23a]



Simlarly:

-
,a4=a,
-
a

= S

N

[ 3- 23b]

Yy "

z aS
Px, Py and Pz generate the projection of a vector onto the
corresponding unit basis vector's axis and are called projection
operators. Note that they are not witten here as vectors because
they are not vectors but rather operators. For our unit vectors in
Rs:

A =, 1
P =i -u=0ll1 0 0O
0
100
=0 0 0
000
A = 0
Py:_»y §:1(0 10|
0
000
=0 1 0
000
A =, 0
P,=i-u'=|o|lo0 0 1
1
000
=0 0 0
00 1

Noti ce that:

PP +P,=1
> bp=1 [ 3-24]

This is generally the case with projection operators constructed from
orthonormal basis sets and is referred to as the conpl et eness t heorem
(which allows us to determ ne whether or not we have a conplete set

of basis vectors .. hence the nane). W shall encounter this property
later. In fact, you could think of [3-24] as saying that all of the
possi bl e projection operators for a particul ar space put together
project a vector onto itself:

P+P +P)a=1a=a
(x y z)



From our visual picture of the projection operator and what it
does it should be no surprise that the projection of a unit basis
vector onto itself is:

fromwhich we infer that:

and we say that P, is idenpotent.

Again, fromour visual picture of what the projection operator
does, we can predict that Iijﬁ (where i and | refer to orthogonal
basis vectors) should be zero:

We need not restrict ourselves to using basis set vectors to
define projection operators. W can be conpletely general and say
t hat:

-

5

A

and this, when operating on a vector a will constitute a projection
of vector a onto vector b:

X
(b"a)
=kb

b a
“-»
ba

Il
» o 8

and the projection of a onto b is a scalar tines b and is obviously
parallel to b. Wiat is the value of k and how can we use it?



Consi der vectors u and v:

Vector p is the projection of u on v and q = u-
pis at right angles to v and p (orthogonal).
Vector p is also proportional to v:

h=kV
p Since g is orthogonal to v we can wite:
Fi gure 3-14:
Projection of u on v v-q=0
=¥ {(a-p)
=“7.i;_;;.'15
=v-u—kv-v

Adding kv-v to each side:

and:

<t <t
<¥ =

Ther ef or e:

<t
=4

<i

p=kv= [ 3- 25]

<t
<t

Equation [3-25] gives us a tool for finding an orthogonal basis
set via the G am Schm dt orthogonalization procedure. For exanple, a
two di nensional vector set in RRis, in matrix notation:

-
) e2:

To test whether or not this is a basis set it is necessary to
denonstrate that they span R2 and that they are linearly independent.
To denonstrate the first property we inmagine a vector, a, in R that
is a linear conbination of the two:

1
1

1
0

->
e, =

-

-> -
a—ocle1+otze2
or:

a, O(1+(12

o,+0

a,



This system of equations is solvable since the determ nant of the
coefficient matrix of the right side is non-singular (see equation
[2-32]). In other words:

I
1 0
is non-zero. Thus, when we solve for the a's we get:

X=a,—Aa,

That these vectors are also linearly independent is shown by:
o,€,+a,€e,=0
or:

1 1

0

o4 [+, =0

which can only be so if a1 and a2 are both equal to zero. Hence e1
and e2 are linearly independent and form a spanning set and therefore
forma basis set. They are not however, orthogonal:

1)

We can construct an orthogonal basis set using the G am Schm dt
ort hogonal i zati on nethod. We first normalize ei1:

=1-1+0=1

-

€, €1Z|ell2:2

5
-> €
el =

|el|
5
=5
so that:
e, -e'=1

Now, since we are |ooking for an orthogonal basis set we project e2
onto e1' using [3-24]:



p:é’lr'é’lrel
;A1
Yoz
- - 1 ]_
E=—11 1
€, ¢ \/E[ ][Ol
1
V2
and:
=&
J2 !

Qoviously, p is not orthogonal to ei1' but rather,

is parallel. e2 — p
however is orthogonal to e1':

1
T[l 1]

So, our second orthogonal basis vector is:

I
4]
H*é\@
8 |
(2
N*"u#

wher e el i s orthogonal

to € but not normalized. W can easily
normal i ze ey



e, 5
|ez
=\/2e§
1] |2
V2| 2 |=| 2
-1 _\/E
2 2

and our (now) orthonornal basis set is:

L V2
é’v:\/z é’rz 2
1 i 2 _\/E

v 2

You can verify for yourself that they are indeed now both orthogona
and normal i zed.

Thus we can al ways construct an orthogonal basis set froma non-
ort hogonal one via projection operations.

3.5 Vector Transformations

A given vector a can be transforned to a new vector b with the
application of an operator:

b=04d

We have already seen this in the case of the projection operator.
CGenerally, the operator O can be represented by an n x n matrix, “n”
bei ng the dinension of the vector space. Again, we have seen this in
the case of the projection operator above.

There are two things an operation on a vector can do. The |ength
of the vector can be changed, acconplished by sinple multiplication
by a scalar and the direction of the vector can be changed by
rotating it. These two fundanental operations can be done
si mul t aneously. The projection operator does this by creating a new
vector that is parallel to another vector (a rotation) and which has
a different length fromthe starting vector.

An exanpl e of an operation that can be perforned on a vector is
a rotation. W apply the operator to vector a to produce vector b
which is rotated in the vector space by the specified angle. This, of
course requires a Euclidean space since angles and vector |engths are



not defined in the nore basic definition of vectors.

Let's | ook at a

sinple exanple in two dinensional R space. W start with a vector a

that is for sinplicity, along the y-axis:

-> -
a—ayuy

y

4

a

Fi gure 3-15:Vector a before
transformation

W now apply a rotation in the formof an operator,
the new vector b lies along the x-axis:

R(90), so that

b=R(90)a [ 3- 25]
The new vector b is of the form Y
b=a,ii,
Note that the new vector, b, has
the sane length (or nornm as the
old vector, ay, as we woul d expect
froma sinple rotation of a > X

vector. This is referred to as

i nvari ance of the normand we w ||
explore this in nore detail |ater
when we di scuss tensors.

What will the matrix form of
the rotation operator |ook |ike?
The operator nust be such that the
matri x representation of a becones

o

Figure 3-16: Vector a after
transformation to b

the matrix representation of b. A matrix that does this is:



A 0 1
R = 3- 26a
902 ) [3- 26a)
We can now wite [3-25] in matrix form
a_|0 1j0
0| [-1 Ojjaq,
R(-90) will, of course, be a rotation by 90 degrees in the opposite
direction and its matrix will be:
A 0 -1
—90)= 3-26b
R0 [3- 260)

the transpose of R(90). Thus, the application of R(90) foll owed by
R(-90) will bring a vector back to its original place. In other

wor ds, sequential application of these two operators is equivalent to
using the identity operator:

R(90)R(—90)=R(—90)R(90)=1
R(90) and R(-90) are inverses of each other

A nore general clockw se rotation operator in R space is:

cos(¢) sin(¢)

R®)=) Zin(o) cos(s)

It should be noted that one can view these operations as either
rotations of vectors or as rotations of the coordinate system (in the
opposite direction). It is often the case that the latter is the
poi nt of view taken and nmay be referred to as a change of basis.

A slightly different way to wite the rotation is to use the
cosi nes of the new coordinate axes with the old axes. Thus, we woul d

-

wite for for the transformation fromvector a to p :

b,=cos (i, ',u,)a,+cos(i,',u,)a,+cos(i, ,i,)a,
where cos(ii,',ii;) is the angle between the new axis unit vectors i’
and the old axis unit vectors ﬁ} and is referred to as the direction
cosine (see Appendix I1). Simlarly:



b,=cos(u,',u,)a,+cos(u,',u,)a,+cos(u,',u,)a;
by=cos(i," i, )a,+cos(i,',i,)a,+cos(i,',i,)a;
or nore succinctly:
3
b,»=2 cos(il;’,il;)a, [ 3-27]

This can be understood easily by using a 2D exanple. Let's
suppose that we have a vector @ in coordinate systemA and that we
transformthe basis set such that the axes rotate by 90 degrees in
the clockwi se direction. W then have, as initial and final state:

Figure 3-17a: Before 90 degree
cl ockwi se axis rotation



M
Figure 3-17b: After 90 degree
cl ockwi se axis rotation

The vector of course remains the sane vector; only the coordinate
axes have changed. W wi || have nore to say about this when we
di scuss tensors. Qur transformation equation indicates that:

r P

)a,+cos(ii,’, i) a,

;-
,u

X

b, =cos (i,

If the new coordinate axes are superinposed on top of the old ones
the angl e between the new x-axis and the old x-axis is 90 degrees and
its cosine value is zero. The angl e between the new x-axis and the
old y-axis is 180 degrees with a cosine value of -1:

b,=0-a,—1-a,
Simlarly:

b,=1-a,+0-a,

Note that we can express this as a matrix equati on:

bl
bZ

a

:[0 -1
aZ

1 0

which is identical to our matrix equation 3-26 in which we rotated
the vector by -90 degrees. O course, a counterclockw se rotation of
a vector is the equivalent of a clockw se rotation of the axes.
Equation 3-27 is of convenience in the discussion of tensors.

From the di scussion of matrices in chapter 2 there is another
type of operator that we can consider; the eigenval ue operator. That
is, the operator which when applied to a vector produces a new
version of the sane vector scaled by sone value called the



ei genval ue. The vector is called the eigenvector.
Oa=\a [ 3- 28]

Everything that was di scussed about ei genval ue equations with respect
to matrices applies here to vectors. The astute reader wll be, by
now, beginning to suspect that vectors and matrices are connected in
many subtle and useful ways. This is so ... it is very useful to
think of vectors in their matrix fornms when studying their
properties.

In our use of operators with vectors we assune linearity. That

We shall see that a very inportant aspect of operators is their
comut ative properties:

[0,P]=0P-PO [ 3-29]

If OP = POand [OP] = 0 then we say that the operators comute.
Since we have |learned that matrices in general don't commute we
expect to find the same behaviour in our vector operators.

3.6 Dirac Notation and Operator Matrices

We continue our exploration of operators but with a new notation
in hand; the Dirac notation. This is a shorthand way of representing
vectors introduced by Paul Dirac in 1947 and is very frequently used
t oday.

W\ repr esent a vector a as.:
a=| a> [ 3- 30]

This is called a “ket” and in this particular case we would say “ket
a”. Note that we are not using bol dface inside the ket since this
woul d seemto be redundant. If it is inside the ket then, by
definition, it is a vector and we need not explicitly indicate it as
we have been doing so far. Thus, our eigenval ue equation, for
exanpl e, becones:

0| a>=\| a>



What about the inner product? Recall that the inner product of vector
awth itself is:

where we multiply the transpose (thinking of the matrix version of
vectors) of a by a to get a scalar quantity. It is defined this way
since we want to get a real, non-negative value for a. In Drac
notation the transpose is:

-
T
a

<a|

which is called the “bra” and we would say “bra a”. The inner product
IS witten as:

<al a>=[lal?

which is, of course, the square of the |l ength or normof the vector.
Can you guess how we say this? “bracket a” of course. Professor Drac
had a bit of a sense of hunourz2

From t he above definitions:
| a>=(<a| ]

An operator can al so operate on the bra:
<a'| =<a| O

Note that in the case of the ket the operator is placed to the left
of the vector and operates left-to-right. For the bra, the operator
is placed to the right and operates right-to-left (or at |east,
appears to operate right-to-left .. see bel ow).

The Dirac notation is useful because it is very general and
applies to any vectors for which an inner product is defined, not
just our famliar two and three dinensional ones. Al so useful is that
in order to understand a concept in an abstract vector space we need
only ask oursel ves what would the case be in sinple 3D space.

There is another generalization that needs to be introduced. Up
until now we have been using nunbers fromthe set of real nunbers for
our coefficients of the unit vectors:

2 To some this must have been somewhat surprising. Professor Dirac had a reputation for being a very quiet, non-verbose
person who simply worked away at his work. However, he did love to read comics and watch Bugs Bunny cartoons and
must therefore have enjoyed humour.



| a>=a,| ux>+ay| uy>+aZ| u,>
a,€R

W wish to now generalize this so that the coefficients are in the
set of conpl ex nunbers:

| a>=a,| u>+a,| u,>+a,| u,>
a,eC

From here on we will assume conpl ex nunbers in order to be conpletely
general and that the vector spaces are defined as O indicating n-
di mensi onal vector spaces using conpl ex nunbers.

Thi s change requires sone mnor alterations in how we do our
i nner product cal culations. Since we are still |ooking for a real,
non- negati ve nunber the bra portion of the product now represents the
transpose of the conpl ex conjugate:

a,

| a>=|%

al’l

<a|=[a1 a, - a,
and:

a,
* * * a
<a| a>:[a1 a - an] .2
an

=3 aa=lal’ (eq [1-6])

We can nmultiply our bra and ket by a scal ar however we nust
remenber the conpl ex conjugate nature of the bra:

o| a>=| aa>

a<a| =<ao’ [ 3-31]
<oal =a <a

Al so:
| a>=(<a| ) [ 3- 323]

and:



<a| b>=(<b| a>) [ 3-32b]

Note that "*" in the context of the Dirac notation refers to the
transpose of the conplex conjugate. W can best illustrate this with
a2 x 2 mtrix exanple

| a>= a,+p, 1 | b>= az+Pyi
o, +PB,i o, +PB,i
O3+ B3

<dq| b>:[0~1_[31i az_Bzi} 4B,
4Py

=<OL1—[31 i)(a3+53i)+(a2_62i)(a4+ﬁ4i)
=0y 0(3_B1B312_0€3[311+0(1[33i+a2 0‘4_[32[3412_0(4[321"‘(12 Bai
:<a1 (x3+[51[33+0L2(14+Bz[34)+(a1|33—0L3[31+012[34—0(4[52)i

o +py i
o, +P,i
=<O(3—B3i)(a1+|31i)+((14—|34i)((12+[52i)
= 0ty Oy = BBy 7= 0y By i+ 0y By i+ 0, 0y =P Byi" =0, B i+, By
Z(a3(x1+[33[31+oc4a2+[34 [32)—<O(1|33—(13[314-(12[34—0(4[32)i
=<a| b>

<b| Cl>=[0t3—[33i (14—[34i]

This is different fromthe normal two and three dinensional vector
dot product and is referred to as skewsymetry and results in sone
unusual properties of inner products involving conplex nunbers. For
exanple if the ket is a linear conbination of vectors and we take an
i nner product, all is as we suspect it should be:

<a| ab+fc>
=<al| ab>+<a| pc>
=a<a| b>+p<a| c>

However, if the |linear conbination of vectors is in the bra then the
result is not quite as expected:

<ob+fc| a>=<a| ab+pc>
=(a<al b>+p<al c>)
=o' <b| a>+p <c| a>

using [3-32] in the first and last lines and [3-31] in the last |ine.

So, the skewsymetry property results in an anti-symretry property
with respect to the bra. Also, from|[3-32]:

<a| a>=(<a| a>)



whi ch neans that the inner product of a with itself is real as we
know it shoul d be.

We now turn our attention back to operators; specifically we
want to produce a general way of witing the matrix form of an
operator. To do so we work with our unit vectors since any vector in
our vector space can be built up froma |inear conbination of them
and they are thus the 'l owest conmmon denom nator' so to speak. W
assunme that the operator produces a new vector that is in the sane
vector space as the old vector. Consider then, the effect of an
operator on a unit vector:

| u;">=0] u>

Now let's forman inner product of this result with another unit
vect or:

<uj| ui'>:<uj| 6| ui>:6ﬁ [ 3- 33]

We use this to find our matrix representation of operator O

A A
11 12

A A
021 022

O= [ 3- 34]

A A

OnI OnZ

Note that we could just as well have done this 'backwards' with the
operator acting on a bra unit vector instead:

<u,| O=<ui'|
A
<ui'| uj>:<ui| O u;>

Thus, the expression:
<ui| Ol u;>

can refer to the operator acting in either direction on the bra or
t he ket.

We can use equation [3-33] to construct our R(90) operator from
above. Recall that R(90) neans rotate by 90 degrees cl ockw se; thus
unit vector ux, for exanple, becones -uy etc.:



A A
Rll RlZ

A A

21 22

R(90)=

A

<u,| R| u,> <u,| R| u,>
<u,| Rl u,> <u,| R|u,>

_<uX| uy> <ux| ux>
—<uy| u,> <uy| u>
0 1
-1 0

Now t hat we know how to construct the matrix form of the
operator it nust be said that there is another way to | ook at the
rotation operator (and by extension, operators in general). W have
been | ooking at it as though it causes a rotation in the vector
however it is also possible to |look at it as causing a rotation of
the basis vectors, the vector itself remaining notionless.

[=}4

Figure 3-18: Vector a before
basis set transformation



ot
><_

Figure 3-19: Vector a after basis
set transfornation

Thus, vector a remains notionless but attains a new set of
coordinates in the new basis set:

a'=R(0)a
a,'|_| cos(6) sin(0)| a,
a,'| |-sin(6) cos(6)]a,

So, what we viewed earlier as a clockw se notion of the vector can
al so be viewed as a countercl ockwi se noti on of the basis vectors.
This is referred to as a change of basis and is generalized:

'_ D)
e, =aje;tae, - -a,e
e, =aye,;taye, -a,e
'_ oo
€; =0dye,1tdpe, - dye

n
n

n

"
e, —an1€1+an2€2"'a e

nn-—n

or in matri x notati on:

1

€, a;y 4y dg3 a,| e
1

e, ay; dy; dy a,,| e,
=

€; a,, daz ds; asz, || €s

Ien ) Ianl anZ an3 ann”enl

where the ei are the old basis set and the ei' are the new basis set.
One can see that for any given vector there can be an infinite nunber
of basis sets corresponding to all possible rotations.



You woul d be quite correct to ask "are the new basis vector
orthogonal if the old ones were? for our rotation exanple. Visually,
fromfigure [3-14] you can see that they are but this really isn't
proof. We can prove it though. W nust show using equation [3-11]

t hat:

- -
u,u,'=0

The transformation fromthe old basis to the new basis is:

u,'|_| cos(6) sin(6)||u,

u,'| |—sin(6) cos(6)]u,
or:

ii,'=cos(0)i, +sin(0)d,

i, =—sin(0)d, +cos(0)d,

each new basis vector being a |linear conbination of the old basis
vector set. Witing the inner product:

i, ', =(cos(0)id, +sin(0)d,)-(—sin(6)d, +cos(0)id,)

-»> >

——cos( )sm( )i, il cos(@)cos( iU

X

X

y
-

—sin(6)sin(6)u, 4, +s n(6)cos(0)u,-u
=—sin(0)cos(0)+0+0+sin(0)cos(0)
=0

y

Thus the new basis set is orthogonal as was the old one which neans
that the angl e between basis vectors is invariant. We can simlarly
show that the new basis vectors are normalized if the old ones were:

i, i, '=(cos(0)i, +sin(0)i,)(cos(0)i +sin(6)d)

=cos’(0)i,- x+251n(6)cos(6)"x i, +sin’(0)d, i,
=1

X

<

usi ng the orthonormal properties of the original basis set.

Wth reference to equation [[3-31] we draw the anal ogy between
scalar multipliers and operators:

[ 3- 354]

or the equival ent:



| 0a>=0] a> [ 3- 35b]
<0a| =<a| (0")

There is a non-intuitive subtlety of notation in equation [3-35] that
shoul d be nentioned. As far as the ket goes, whether the operator is
i nside or outside doesn't affect anything nuch. The bra is a
different story. To understand this think '"matrices' again. The

expr essi on:

<Oal|

has Oa inside the bra. In terns of matrices this neans nultiply the
colum vector a by the square matrix O inside the bra. W could not
wite it as aO outside of the bra and have it make sense since the
corresponding matrix multiplication doesn't work. However, because
they are enclosed in the bra we take the conpl ex transpose and use it
for any further calculations. If we take O and a out of the bra

al together and use our original vector notation we nust take the
conpl ex transpose (and reverse the order, equation [2-10]):

A

<éa|ﬁa%0”*
or, if we renove only the operator
<0a| =<a| (O7)

In a sense one could view the bra as itself being an operator neaning
"take the conpl ex transpose of whatever is inside nme'. To convince
yourself that this is so you need only set up a sinple two

di mensi onal vector/operator pair and see how it works.

There are special types of operators linked very closely to the
special matrices nentioned in chapter 2. Wen dealing with rea
nunbers only, an orthogonal operator is one whose transpose i s equa
to its inverse:

0"=0"" [ 3-36]

In this case the product of the operator and its transpose equals the
unit operator:

00'=0"0=1

We have al ready seen an exanple of this in our two di nensiona
rotation operator.

The next type of operator is the unitary operator and is
associated with conplex nunbers in the vector. This is one in which



the conpl ex conjugate of the transpose of the operator equals the
i nverse of the operator:

(O”T)*:O”—l [ 3-37]
and:
0(07) =(0"Y =i
A bit of thought will reveal that if unitary operator matrix consists

of all real nunbers then it is also an orthogonal operator. These two
operators are ones that | eave the vector norns (lengths) and angl es
bet ween vectors invariant. In equation form wusing the unitary
operator, this is:

<0Oa| Ob>=<a| b>
This is easily shown to be so:

<0a| 6b>=<a| (0") O] b>
=<a| 1| b>
=<a| b>

The unitary operator has an interesting feature in that it's
ei genval ues are all equal to 1. As usual, we can show this. W start
Wi t h:

N h<al a>

where |a> is a non-zero vector and | is the eigenval ue of operator O
Since the I's are scalars we can nove theminto the bra and ket:

<\a|ia>

using equation [3-31] in the bra. Now we substitute our unitary
oper at or:

A

<OaL@a>
=<a| (0") 0| a>
=<a|i|a>
=<al| a>
So:

A A<a| a>=<a| a>

and since <ala> is not equal to zero )") nust be equal to one.



Finally, the hermtian operator:
(07) =0 [ 3-38]

and

A

0 '(0")=(0")0'=1
We can use the hermitian operator in an inner product cal cul ation:
<a| 0| b>=<a| (O")| b>
Let's take the conpl ex conjugate of this:

(<al O] b>)'=(<a| (O")| b>)
=(<0a| b>)
=(<0al ) (| b>) [3-39]
=<b| Oa>
=<b| O| a>

Products of operators are worth a nmention here. W treat a
product of two or nore operators acting on a vector a as foll ows:

~

0162| a>=61(62| a>)=| 61<62‘1)>

That is, operator O acts first on ket a followed by O.. Recall that
the order of operations is generally inportant since we do not expect
that operators will commute (equation [3-28]). The situation with the
bra is not quite the sanme, as a result of anti-linearity:

<a| 6162:<(6162)T* al :<(62T)* [(6{)* a]l

From our |look at nmatrices we saw that taking the transpose of a
product of matrices is the sane as the product of the transposes of
each matrix in reverse order (equation [2-10]). The tight

rel ati onshi p between operators and matrices suggests the sane
behavi our for operators.

There are sone interesting and, as we shall see later, useful
properties of these types of operators. First we show that comuting
operators have sinmultaneously defined eigenvectors. This nmay seem a
bit backwards but ..we begin by letting A and B be two |inear
operators that have a common set of eigenvectors:

A| f>=al| f> B|f>=b]| f>

fo

and then show that [A,B] is always equal to r
_BA)

vect or, f , or, what is equival ent, that (A

ny arbitrary

0 a
B f = 0. v start by



defi ni ng f in ternms of the conplete set of basis vectors:
7=Z c,€;
t hen:
(AE_EA)I f>:(AE_ B A)l Z c;e>

=2 c[AB-BA]| e>=2 c[A(B| e>)-B(A| ¢>)] [ 3-40]
=Z [ b,| e>— Bale,>] Zci[aibil e;>—b,a,] ei>]:0

i

Therefore, A and B are commuting operators and have the conmon
ei genvect or, f . Furthernore, [3-40] shows that two operators with a
common ei genvector will always comute.

Next we | ook at the hermitian operator and assert that the
ei genval ues of hermtian operators are real. That is, for:

O| a>=\| a>

where it is understood that O is hernmitian as defined above and that

| a> is normalized, the eigenvalue, ) , is a real nunber. W
construct an inner product and do the eigenval ue cal cul ation:

<a| O| a>=<a| \| a>=A<a| a>=h
Now, we do that sane for the conpl ex conjugate:
(<al O] a>J'=(<a| 1| a>) =)' (<a| a>) =1’
Looki ng at equation [3-39] we realize that, if O is hernmtian
<a| O| a>=(<a| O] a>)

and that therefore:

A=N
Assuming that A is not equal to zero then since A = )" , A nust be
real .

We al so assert that the eigenvectors of a hermtian operator are
ort hogonal . Consi der the eigenval ue equations on two different
ei genvect ors:

O| a>=n,| a> O] b>=\,| b>



where, as before, O is hernmitian. W formthe inner products and do
t he ei genval ue cal cul ati on:

<b| O| a>=M\,<b| a> <a| O| b>=h,<a| b>

Now we take the conplex conjugate of one of them (it doesn't matter
whi ch for our purposes) and, again, do the eigenval ue cal cul ati on:

<a| O| b>"=n,<a| b> =h,<b| a>

usi ng equation [3-32b]. Now we subtract the conpl ex conjugate
cal culation fromour first eigenval ue cal cul ation:

<b| O] a>—<a| O| b>=(n,—M\,)<b| a> [ 3-41]
and, using equation [3-39] we can say:
<b| O| a>=<a| O| b>

and since they are equal because Ois hermtian, their difference is
zero:

<b| O| a>—<a| O| b> =0
whi ch neans that in equation [3-41]:
(A,—A,)<b| a>=0

If | a> and <b| are not degenerate so that A, and A, are not equa
and their difference is non-zero, then:

<b| a>=0
whi ch nmeans that | a> and <b| are orthogonal
We can wite our operators in terns of outer products.

Specifically, if we use an orthonormal basis set for our outer
products we wite:

0=>.0,| u><u| [ 3-42]
N

As an exanple let's consider two dinensional space R2, and the
standard orthonornmal basis set:

1
0

| u>=




The four possible outer products of these two vectors are:

|ux><ux|=:(1) 8
u><ul =g o
|uy><ux|=:§’ 8
et S

That the first and | ast of these are al so projection operators
follows fromour definition of the projection operator in equations
[3-22] and [3-23]. Recall that our 90 degree rotation operator in two
di mensi onal space is:

R(90)=

0 1
-1 0

In terns of the outer product matrices this is:

ﬁ(go):Rlll ux><ux| +R12| ux><uy| +R21| uy><uxl +R22| uy><uy|
R(90)=| u,><u,| —| u,><u,|

Note that in this special case the projection operators, |u><u/| and

| u><u,| , are not part of the operator. Had we been nore general
and specified a rotation angle of 6 then the projection operators
woul d have been part of the rotation operator:

cos(0) sin(0)
—sin(0) cos(0)

R(8)=

and:

ﬁ(e):Rlll ux><ux| +R12| ux><uy| +R21| uy><ux| +R22| uy><uy|
=cos(0)(] u,><u,| J+sin(0)(] u,><u,| )-sin(0)(] u,><u,| }+cos(0)(] u,><u,] )

Anot her pl ace where outer products appear is in spectra
deconposition. The conpl ete set of eigenvalues of an operator is
call ed the spectrum

This time only the outer products corresponding to projection
operators are used. Suppose we have the eigenval ue equation:



OI a;>=n]| a>
where there are several eigenvectors and associ ated ei genval ues. W
can also wite the projection operator on vector |a> as:

pizl a;><a

and a typical matrix representation of a projection operator is:

0 0
S E 0
P"_() 1 ..
: 0

10 -0
A 001 -+ 0 =
ZPPO 0 1 o
L
The ei genval ue matri x | ooks I|ike:
AN 0 - 0
A= 0 - 0
o o - -
o A,

Looking carefully at the last two matrices one can wite:
A=D1 1
:Z )\‘iﬁi

1
:inl a><al
i

Where is this of use? Well, one can use it for determ ning the
reci procal of a matrix.

What about the square of an operator? What does:
0’| a>

mean? What we do here is successively apply the operator to the
vector:



0’| a>
=0(0| a>)

If |a> is an eigenfunction of O then we sinply get the square of the
ei genval ue:

0’| a>
=0(0| a>)
=0(n| a>)
=(10] a>)

=\°| a>

Alternately, if O is a rotation operator we sinply get two
successive rotations by an angle, 6

3.7 Hilbert Space

The mat hemati cal concept of a Hil bert space, naned after the

mat hemati cian David Hil bert, generalizes the notion of a vector space
and is referred to frequently in guantum nechanics. It extends the
met hods of vector algebra fromthe two-dinensional plane, R2, and
t hr ee- di nensi onal space R3 to include infinite-dinensional spaces in

R* and c* , where R as always, refers to real nunbers and C refers
to the conplex nunbers. In fact, a Hilbert space can be conprised of
vectors that are functions rather than nunbers!

The characteristics of a Hilbert space that are inportant to us
are:

1. It has a scalar or inner product as have nost of the vector spaces
that we have | ooked at. This scal ar product is not necessarily
conmut ati ve but:

<a| b>=<b| a> [ 3-47]

where, of course, the asterisk indicates the conpl ex conjugate. Thus,
the scal ar product of a vector with itself is:

<a| a>=<a| a>
whi ch we have seen is necessarily real

2. The real value of the scalar product, <a|a> , is positive and its
square root is called the normof the vector |a>

For a Hilbert space there will always be a set of basis vectors
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of unit norm such that:

<e| e>=1

<q|q>:O
or .

<e,| e>=d; [ 3-48]
wher e:

00 i)

6:7:1 ifi=j

( 6 i1s the Kronecker delta). These vectors constitute a orthonornal
basis set fromwhich we nmay construct any other arbitrary vector:

A:Z aié:'
i

in exactly the sane way we di d above for a vector in Euclidean 3D
space using i, , @, and i, .

Wth this and orthonormality and the scal ar product, we can wite:

<e]| A>=q,
<Al ei>:a;

The conplication that arises here is the inclusion of infinite
di nensi onal spaces. In order that we have sonething that can be
managed mat hematically in terns of our inner products we nust add to
the definition of a Hlbert space that the sumof the squares of the
conmponents of a vector be a finite nunber. O herw se we could
possibly end up with a vector of infinite |length! Recall that the
definition of the inner product is:

<a| a>=<e,| a;a,] e;>+<e,| aya,] e;>+<es| aza,| e;>--<e,| a,q,| e,>
:a;al<ell el>+a;az<e2| ez>+a;a3<63| e3>"'a;an<en| e,>
zazar+a;a2+a;a3~-a;an

2 2 2
-

2
=as [+ ]la

n
=2 [l
i

an

It is this sum(a Cauchy sequence) that we cannot allow to be
infinite. In other words it must converge to a finite nunber in order
to be of use to us, even if n goes to infinity. That this sequence
converges is the third requirenent of a Hlbert space, the first two



bei ng the normal requirements of an inner product vector space that
we have di scussed so far

This is not really so very different fromthe Euclidean vector
spaces that we have already seen and, in fact, Euclidean vector
spaces are Hil bert spaces. They satisfy the regular requirenents of a
vector space and the suns of the squares of their vector conponents
are finite. W will deal alnobst exclusively with finite di nensi ona
spaces in our exploration of nnr spectroscopy.

3.8 Merging Vector Spaces

There will cone a point in our deliberations when we will be
consi dering two spaces which we will want to conbine into one. The
way that we will do this is by using the direct product of the two
spaces to produce the new, |arger space. Let's consider two spaces,
each of dinension two and for sinplicity let us assune that each uses
the sane sinple orthonornmal basis set:

space A space B
1and 0 1and 01
0 1 0 1
and
or or
1 0 1 0
0 1 0 1

The direct product (equation [2-3]) of these basis sets gives:

b Dels o

which is the orthonormal basis set in the new, conbined space. W
started with two spaces of dinension 2 each and ended up with a new
space of dinmension 4. Cenerally, if space Ais of dinension n and
space B is of dinmension mthen the direct product will be of
dimension n x m

O O O
o O~ O
O = O O
_ o O O



2lo| B2|=| [ 3- 49]

In equation [3-49] we begin with a vector of dinmesion n and a vector
of dinension mand end up with a vector of dinension mx n. The
situation is simlar with respect to operators. If the matrix
representation of operator M is of dinmension n x n and operator N
is of dimension mX mthen the direct product matrix will be of

di mension n x m

In the literature one sees the followi ng notation used to
i ndi cate the conbi ning of two spaces:

| $>®| n>

or nore sinply (if sonmewhat confusingly to the uninitiated):

| >| n>
or

| on>

We shall encounter this concept of nerging vector spaces in our
expl oration of the coupling of angular nonenta and in product
operators.

There are a fewthings to consider with respect to the direct
product. First, for | y,> and | y;> in spaces A and B respectively:

a(l va>®| yp>)=(a| y,>)®| ys>=| Y,>®(a| yz>) (aeC) [3-50]

This is easily shown to be so using the matrix notation for the
di rect product of vectors | y,> and | p;>



B, aB,

aa,| B|| . . |a,|9B:

B;|| |aA,B,| |A,aB, aB,
Ayl |By| |dAy| |B, L : ) aA,B,| |A,aB, : : : Al |aB,| A, B,
ax| A, |® B,|=|dA,|®| B, = BJIT| : [T| ¢ [ C,BlZAz<§Z>aB2=A2®a><B2
: : : : aA,B A,aB ; : : :

7 il I I N A I /W e

B3 ] u ] u aB3

| : 1 1 : 1
Second, for |¢,> and |y,> in space A and |y,> in space B:
(l 1P1>'|‘| w2>)®| 1P3>:| W1>®| 1P3>+| w2>®| P3=> [3' 51]

whi ch, again, is easily shown using matrix notation for vectors
lw,> , |w,> and |p,> with basis coefficients A, B and C
respectively:

] ) .l
C,
(A,+B))|C,
A| |B,|| |c,| |A,+B,| |C, L
A, |+ B,||®|C,|=|A,+B,|®|C, |= c ]
: : : : : <A2+B2) CZ
1 : 1

A, C,+B,C,| |A,C, B,C,
A,C,+B,C,| |AC,| |B,C Al |G By |G
= : =l T [FIALR| G T B, |®| G,
A,C+B,C,| |Ac| |Bc| | <[] | ¢

N

[,

Third, for |yp,> and |yz> in spaces A and B respectively and operators
M and N , also of spaces A and B respectively we define:
(MeN)(| va>®| pp>)=M| >N | ;> [3-52]
We can, of course, show that this is a reasonable definition .. again

by using matrices (it is a bit tedious so you are allowed to take our
word for it if you wish):
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Now t he right:

That's the | eft hand side of the equation.
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As you can see, this is the same as the |left side of the equation.

Finally, if the basis set of each vector is orthonormal then the
basis set of the direct product wll be orthonormal as well.

<Y, Pl Wap>=1 if <y, | Y >=<y,| Ppy>=1 [ 3-53]

We assune here that <y,|y,> and <y,|ly,> are normalized since they
can al ways be nade to be so. As usual, we invoke nmatrices to show
this:



| Ur’A>:Z Al o>

<‘PA| ‘PA>:Z A: Ai<¢i| ¢i>:Z A; A=1

similarly

This is so, of course, only if the basis sets are orthonornal.
Pr oceedi ng:

| lPA>®| 1PB>:| Py P>

A,B,
Al Bl AlBZ
As|g|Ba|_|
AZBl
A, B |

Aan

] |

<Y | Yap>=

A\B, AB, - A)B, - A,B)]

=> A A BB,
i J
=<Y,| Y ><Yg| Yp>=1

Evidently, if the basis sets of the separate vectors are orthonornal
then so is the basis set of the new vector.
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